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Motivation

“The transition from classical computer vision techniques to the deep learning
approach was a huge bump up in performance. The results we've seen there
are way beyond anything we got with the classical techniques ...

—Adam Bry, CEO of Skydio
A leader in autonomous drones.

https://youtu.be/ncZmnfIRIWE
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Motivation

“The transition from classical computer vision techniques to the deep learning
approach was a huge bump up in performance. The results we've seen there
are way beyond anything we got with the classical techniques ...

...where we see the most success is in applying a deep understanding of the
first principles and physics of the problem, in order to craft the learning into
exploiting the structure of the problem.”

—Adam Bry, CEO of Skydio
A leader in autonomous drones.

https://youtu.be/ncZmnfIRIWE
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Neural Networks in Robotics
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Figure 1: Learning UWB Bias [1]
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Figure 2: Al-IMU Dead reckoning [3]
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Figure 3: (top) Raw image. (middle) LIDAR
depth. (bottom) Learned depth.
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Recall Linear Regression

» Recall the problem of fitting a line to some data. For sample i, we
measure both the input x(* and corresponding output y"). This creates
our dataset

D:{(X(l)ﬂy(l))ﬂ"'7(X(N)7y(N))}7 (1)

where x = [z1...2p]".
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Recall Linear Regression

» Recall the problem of fitting a line to some data. For sample i, we
measure both the input x(* and corresponding output y"). This creates
our dataset

D:{(X(l)ay(l))ﬂ'"7(X(N)7y(N))}7 (1)

where x = [z1...2p]".

> We would like to fit the following simple model to this data

= b=w'x+b. 2
Yy =wir) + w22 + ... +wpTp + Wf(X-F) (2)
x,0

> The problem is to find the parameters 6 = (w, b) that “best fit” the data.
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Recall Linear Regression

» Recall the problem of fitting a line to some data. For sample i, we
measure both the input x(* and corresponding output y"). This creates
our dataset

D:{(X(l)ay(l))ﬂ'"7(X(N)7y(N))}7 (1)

where x = [z1...2p]".
> We would like to fit the following simple model to this data
= . b=w'x+b. 2
Yy =w1T1 + w2+ ... +wWpTp + Wf(X:) (2)
X,

> The problem is to find the parameters 6 = (w, b) that “best fit” the data.

» This can be done by minimizing a loss (cost) function

2
. N =|D|. (3)

1S :
L©.D) = 5o >~ [y - 1ix.0)|
=1

» For the model in (2), problem (3) is solved analytically with least squares.
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Generalizing Regression

» We can take this idea of having a model, with a bunch of parameters to
optimize, but make the model nonlinear.

> As such, neural networks can accomplish exactly the same task. They
are just another (nonlinear) function

y = fnn(x,0) (4)

which has parameters that we must optimize to accomplish a specific
task.

> Neural networks can also predict multiple outputs at once

Y= fNN(X,B). (5)
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Regression vs Classification
Predict output variable y from input variable x.

Regression
Output y € R is continuous. Example: Linear regression.

Classification
Output y belongs to one of K classes, y € {y1,...,yx }. Example: Clustering.
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Figure 4: Left: Linear regression illustration, Right: Clustering
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A Simple Neural Network
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A Simple Neural Network > Output of neuron A1 is

Hidden Layer
Y b= o3 wa, +50) ()
Input Layer Output Layer ”

> ® ©
@/@@

A Single Neuron Example:

]
2owiY x+ o). (7)
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A Simple Neural Network | » output of neuron hi is
Hidden Layer
Input Layer Output Layer

h=o(> wh) e, +0)  (6)
T
2owiY x+ o). (7)

> For an entire layer,

.
h1 a(wgl) X+ bgl))
h= =
hat oW x + (V)
2 o(Wx+bM) 8)
where
wﬁl)T b(ll)
W(l) — : 7b(l) _
e )

and o (+) is just the element-wise
application of o(-).
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A Simple Neural Network
» Output of neuron y; is
Hidden Layer

Input Layer Output Layer =0 <Z wh; + bf’)) 9)
j

15

2 5w h 1 0?). (10)
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A Simple Neural Network
» Output of neuron y; is
Hidden Layer

Input Layer Output Layer =0 <Z w?h; + bgr")) 9)
j

J
2 5w h 1 0?). (10)
» Output layer is computed with

y=oWPh+b®) (1)
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A Simple Neural Network

Hidden Layer

Input Layer

Output Layer

» Output of neuron y; is

=0 <Z wi?h; + bi”) 9)
J
2 5w h 1 0?). (10)
» Output layer is computed with
y=ocW?h+b®)  (11)

» Hence the full network is computed
with

y= O'(W<2>0'(W(1>X+b(1))+b(2))

N (x,0)

(12)
where 0 is all the weights and biases.
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A Simple Neural Network

Input Layer

Hidden Layer

Output Layer

Output of neuron y; is

=0 <Z wi?h; + bi”) 9)
J
2 5w h 1 0?). (10)
Output layer is computed with
y=oW®n+p®)  (11)

Hence the full network is computed
with

y = O'(W<2>0'(W(1>X+b(1))+b(2))

N (x,0)

(12)
where 0 is all the weights and biases.

o () is called the activation function.
An example is

(13)
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Fitting a Neural Network to Data

> Regression with a neural network is then just a matter of minimizing
- 2
_ (1) _ (@)
L(6,D) = 5 21: v~ fax (x, 0)| (14)

where 8 = (W) b W) b)) is all the weights and biases.
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Fitting a Neural Network to Data

> Regression with a neural network is then just a matter of minimizing
- 2
_ (1) _ (@)
L(6,D) = 5 21: v~ fax (x, 0)| (14)

where 8 = (W) b, W2 b)) is all the weights and biases.

» We can use gradient descent to optimize the loss numerically
0k+1 — Bk — aVsL(G, D) (15)

where VoL (0, D) = (22PN and « is a step size or learning rate.
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Fitting a Neural Network to Data

> Regression with a neural network is then just a matter of minimizing
- 2
_ (1) _ (@)
L(6,D) = 5 21: v~ fax (x, 0)| (14)

where 8 = (W) b, W2 b)) is all the weights and biases.

» We can use gradient descent to optimize the loss numerically
0k+1 — Bk — CVVQL(O, D) (15)

where VoL (0, D) = (22PN and « is a step size or learning rate.
> 6 can be “columnized” when necessary.

> The next challenge is to determine Vg L(0, D).
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Computing the Gradient

> The final thing required in order to optimize is to compute V¢ L(6, D).

> We will go layer-by-layer, starting with the output layer (the one at the
“back”), and make heavy use of the chain rule.
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Computing the Gradient

» The loss function can be written as

1 A 2 N
—ﬁZHy(’)—fNN(X(”,O)H = Z x@ y@)), (16)
i=1 =1

where the loss for one data point is

L; (0, (x(i),y(i))) = % Hy(i) — fNN(x(i),B)HZ. (17)
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Computing the Gradient

» The loss function can be written as

ZHy I tan(x.0)|| = zNj D). (16)

where the loss for one data point is

1 (o) - |

. X 2
v~ fon (x?, e)H . (17)
> It will also be useful to let y*) = fyn(x(*), §) and to rewrite the norm as a
sum,

o Ll il
Li (6.(x7,y")) = 3 Hy“) — 3"

= (i) (19)
k

; (18)
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Computing the Gradient

H oL, H H oL, oL, oL,
> The goal is to compute %, which means computing s, 515, 5575
aL;
and 5%

> In this particular derivation, we will compute the derivatives element-wise.

Parameter Derivative

(1)

wj’n,
(1)
bj

(2
wy;

b
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Computing the Gradient
> We will compute the gradients element-wise to simplify the notation,
beginning with w;”. Using the chain rule,
OL;  OL; O
aw,(é) Ok 8w,(£) .
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Computing the Gradient

> We will compute the gradients element-wise to simplify the notation,
beginning with w;”. Using the chain rule,

dL; _ OL; Oy

_ 9= . (20)
aw,(j-) Ok 8w,(£)
» Recalling that §, = o (Zj w(2)h + b(2 ) let
ar =Y wi hyj+ b (21)

be an activation.
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Computing the Gradient

> We will compute the gradients element-wise to simplify the notation,
beginning with qu) Using the chain rule,

dL; _ OL; Oy

= = ) (20)
2 2
aw,(c j) O 8111,(€ j)
> Recalling that §;, = o (Zj wi by + b ) let
_ (2) (2)
ar =Y wy)hj+b; (21)
be an activation.
» The chain rule can then be applied again to yield
8L1- - 5[4 8yk 8ak (22)

o)~ O o pufl
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Computing the Gradient
» Compute each partial derivative in

6Li - 8[@% 8ak
ow? 9 dax gu®

Equation Derivative
A \2 . ~
Li= 53 (g —9n) %Zyk—yk
o — Ok _ 5/
Ik = o(a) or =o' (ax)
2 2 a
ap = Ej w,(cj)hj + b](c ) ai;g? =h;

» Therefore,
OL;

311),(c

@ = (U — yr)o' (ar)hy.
J

(24)
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Computing the Gradient

> At this stage, it is useful to introduce

OL; .
0 = Dar (G — yr)o' (ak). (25)
which leads to oL
—— = 6hy. (26)

awg)
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Computing the Gradient

Parameter Derivative

wP
]n

M
bj

w,(‘j) ) = 0ih;

b
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Computing the Gradient

o)

» To compute 8})&;) , the chain rule is applied once again to obtain

8LZ - 8L1 % Bak
abl(f) OYy, Oay, 8b,(€2) ’
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Computing the Gradient

» To compute ;}E;) , the chain rule is applied once again to obtain
8LZ- aLi 8Qk Bak
=2k . 27
on?  Og Oax gp? &
> Given that . .
2 2
Oay, 9 (ZJ Wy by + by )
@ ) =1 (28)
oby; oby;
it follows that oL
= 5. (29)

>
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Computing the Gradient

Parameter Derivative
wP
Wip
b\
w](‘j) 8 {i) = 0ih;
b;f) ;b%zi) =0k

k
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Computing the Gradient

> Nextupis - <1> , for which the chain rule is used to get

_ 3 OL: 00 Oy O,
Gwﬁ) —~ OUr Oay, Oh; 8wﬁ) .
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Computing the Gradient

> Nextupis - <1> , for which the chain rule is used to get

5 0L 0 0 01,
ow'y) S O dax Oh; 9y)

> Recalling that h; = o (Zn wj(il)xn + b§1)), let

Zw acn—i—b (31)
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Computing the Gradient

> Nextupis - <1> , for which the chain rule is used to get

5 0L 0 0 01,
ow'y) S O dax Oh; 9y)

> Recalling that &, = o (zn wha, +b), let

Zw a:n—i—b (31)

» Once again, the chain rule is used to get

_ 0L Dl O 01y 00,
1) o % (9gjk 8ak ah] Baj awj(il) '

19/58



Computing the Gradient

» The missing terms in

-y i

8’11}(1 &ljk 8ak 8hj 0aj aw](,i)

can then be computed.

Equation Derivative

ax = 2wy + b e = wi

hj = o(a;) g%:g/(aj)
=3 w(l) +b§1) % .

» Therefore,
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Computing the Gradient

> It is again useful to introduce

éij = é)(lj = CT/((L]') :%;: 5k;1l]kj . (:355)
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Computing the Gradient

> It is again useful to introduce

oL

7 2
§; = v a'(aj)zk:(skw,gj.

» This simplifies the gradient to
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Computing the Gradient

Parameter Derivative
(1) OL; __
Wi, B = %i%n
(1)
bj
(2) 8L; __ ]
Wi ouw? Okh;
bl(c2) OL; _5k

oy
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Computing the Gradient

» The final derivative to compute is

aLi _ % 8aj
ab) daj aplD
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Computing the Gradient

» The final derivative to compute is

8Li _ % 8aj
ob\y  aj gplH

> As
(1) (1)
g, O (Sawhen+b)
= == 1
b b

the final equation is

)

oL,
otV

= 95,
J
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Computing the Gradient

Parameter Derivative
(1) OL; __
Y aulf7 =
(1) OL; __
b; o0 = d;
,.(2) 8L; __
Wi B Orh;
(2)

bk

+0.5

+0.0| o

0.5

Figure 5: Data (blue) and NN prediction (red) [1]
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“Forward” vs. “Reverse” Mode Differentiation

» What we just did is called backpropagation. But why?

» Consider a composition of functions which we want to differentiate with
respect to its input x,

() = €9 (19 (1) () (40)
h
ho -

where f(x) € RP, x € R? ) (hy) € RP ) (h;) € R% 1) (x) € R4,

o affini ; ot of® - o)
> How do we compute 7 efficiently if we know F—, 5=, 57
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“Forward” vs. “Reverse” Mode Differentiation

Given

f(x) = £ (£ (£ (x))) (41)
h
h 1
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“Forward” vs. “Reverse” Mode Differentiation

Given

f(x) = 19 (1 (1) (x)))
h
hs -

The Jacobian & is given by

of  of® o o)

ox  0Ohy Ohy Ox
N——

——
RDxdg Rdaxdy Rd1xd
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“Forward” vs. “Reverse” Mode Differentiation

Given

f(x) = £ (£ (£ (x))) (41)
h
h 1

The Jacobian & is given by
of ot ot of)
ox  ohy oh, _9x
~——

e~ N~
RDxdg Rdaxdy Rd1xd

(42)

How do we compute & efficiently?

The order of matrix multiplications matters.
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“Forward” vs. “Reverse” Mode Differentiation
» Given
ot ot of@ HrD)
Ox  oOhy Ohy Ox
N——

——
Dxdg pdgxd; Rd1Xd
R 2 Rd2xdy

1¢(1) s the first function applied. So the left direction is indeed the forward one. 27/58



“Forward” vs. “Reverse” Mode Differentiation
» Given

ot ot of@ HrD)

el .. 43
ox 8h2 8h1 ox ’ ( )
——
RDXxdg Rdg xdy Rd1Xd
» Forward mode would compute
of  of® [ of of) 44
8x_<‘)h2<8h1 ax) (44)

-t

1¢(1) s the first function applied. So the left direction is indeed the forward one. 27/58



“Forward” vs. “Reverse” Mode Differentiation
» Given

ot ot of@ HrD)

el .. 43
ox 8h2 8h1 ox ’ ( )
——
RDXxdg Rdg xdy Rd1Xd
» Forward mode would compute
of  of® [ of of) 44
8x_<‘)h2<8h1 ax) (44)

-t

Cost: Ddod + (dgdld) = d(Ddg + dgdl)

1¢(1) s the first function applied. So the left direction is indeed the forward one. 27/58



“Forward” vs. “Reverse” Mode Differentiation
» Given

ot ot of@ HrD)

— . 43
ox 8h2 3h1 ox ’ ( )
~—— —
RDXxdg Rdg xdy Rd1Xd
» Forward mode would compute
of  of® [ of of) 44
8x_<‘)h2<0h1 ax) (44)
1
Cost: Ddyd + (dodyd) = d(Ddy + dody)
» Reverse/backward mode would compute
of Of3) 9F2)\ of) 45
8x_<‘r)h2 ahl>ax' (4)

_—
Cost: (Ddydy ) + Ddyd = D(dady + dyd).

1¢(1) s the first function applied. So the left direction is indeed the forward one. 27/58



“Forward” vs. “Reverse” Mode Differentiation
» Given
ot ot of@ HrD)

-z .. 43
ox 8h2 3h1 ox ’ ( )
—— —— ——
RDXxdg Rdg xdy Rd1Xd
» Forward mode would compute
of  of® [ of of) 44
8x_<‘)h2<0h1 ax) (44)
1
Cost: Ddsd + (dgdld) = d(Ddg + dgdl)
» Reverse/backward mode would compute
of Of3) 9F2)\ of) 45
3x_<6)h2 ‘()hl>c‘)x' (4)

_—

Cost: (Ddydy) + Ddyd = D(dady + dqd). For D << d, as with neural nets
where the loss L(x]0) € R, backward mode is significantly faster.

1¢(1) s the first function applied. So the left direction is indeed the forward one. 27/58




Neural Networks in Practice

If only it were that easy.
Problem

Solution

Gradients get very
complicated

Overfitting

Lots of data makes
training slow

v

Computational graphs
Automatic differentiation

v

v

Regularization
Dropout

v

v

Stochastic gradient descent
Many other tricks

v
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Automatic Differentiation

» The analytical derivation of backpropagation presented earlier is useful to
understand the concept, but is not particularly useful when implementing
neural networks.

» There is a need for a method of doing backpropagation without having to
analytically compute the derivatives for each loss function, activation
function, choice of architecture, etc..

> Automatic differentiation provides a framework for doing just that.
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Automatic Differentiation

» Recall the equation for the partial derivative of the loss with respect to the
second layer weights,

8Li _ 8Li (%jlk 3ak
@)~ 94 Oar, A2
owsy Ok Oar gy

(46)

> As an example, we will compute % using autodiff.

» To simplify the example even further, we will assume that there is a single
output, meaning

(47)
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Automatic Differentiation
Build the computational

@ graph by decomposing the
equation into elementary

operations.

@)
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Automatic Differentiation
Build the computational

a graph by decomposing the
equation into elementary

operations.

1)
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Automatic Differentiation
Build the computational

a graph by decomposing the
equation into elementary

operations.
2 > U1 =Y — Z?
- .

31/58



Automatic Differentiation
Build the computational

a graph by decomposing the
equation into elementary

operations.
) " > v = v g.
- 3 - =it
> L = *7}2
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Automatic Differentiation
Build the computational
graph by decomposing the
equation into elementary

operations.
2 1 > 1=y - y
© ‘ > vy = 3.
> [ = %7}2.

Move backwards through
the graph, computing

derivatives.
77777 ! » OL _

1
vy ~ 2?
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Automatic Differentiation

————— | ==y
| Qva | | OL |
1 0vy 1 Ovy
1 | ! 1

Build the computational
graph by decomposing the
equation into elementary

operations.
> v =y -y
> vy = 02,
> [ = %7}2.

Move backwards through
the graph, computing

derivatives.
oL __ 1
> G T 2
Ovy _
> v1 21}11
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Automatic Differentiation
Build the computational
graph by decomposing the
equation into elementary

operations.
2 1 > 1=y - y
1o \ > v, =0
> [ = %7}2.

Move backwards through
the graph, computing

derivatives.

o o oo p OL _ 1
1 Oug : 1 Ova : 1 OL : 211272’

87 ; ) _
o o o > oo = 201
> du—

9y
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Automatic Differentiation
Build the computational
graph by decomposing the
equation into elementary

operations.
2 1 > 1=y - y
| o | > ,02 = ,U%'
> [ = %7}2.

Move backwards through
the graph, computing

derivatives.
oL __ 1
| > 5 = 2
ov Ovy __
2 : > 8’[}1 - 21}1’

ovy
> ou =,

> The final equation is found by multiplying,

OL _ OL 0vz 0v1 _ 4 1=
ay = 81}2 81}1 8@ =35 X 2v1 X —1 = —wvq. (48)
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Overfitting

> Increasing the complexity of our model makes it more accurate... right?

32/58


https://cs.mcgill.ca/~wlh/comp451/files/comp451_chap10.pdf

Overfitting

> Increasing the complexity of our model makes it more accurate... right?
> Well.. sort of.

order-1 pd
»

J
order-2 / order-3 y, f
x/ \ /
/ >
J D A » P A N e e
/A ™ el : \ * )
e // order-4
T | ‘
| 1
| order-5 | 1
‘ | | ‘ \
N | /
\ \ | |
|\ | | A 7
¥ » TS 1
. ‘ \/

order-6

order-9
order-7

x

Figure 6: Fitting polynomials of various orders to a 2D dataset. Taken from
https://cs.mcgill.ca/~wlh/comp451/files/comp451_chaplO.pdf
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Regularization
» Model needs to generalize well.
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Regularization
» Model needs to generalize well.

> Regularization penalizes complexity in the model.
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Regularization
» Model needs to generalize well.

> Regularization penalizes complexity in the model.
L2 (Tikhonov) regularization

Penalize squared norm of model parameters.

Tlparam

Lig(0,D) = L(0,D) + X > _ 67 (49)

=il

L1 (Lasso) regularization
Penalize L1 norm of model parameters.

T param

Lieg(0,D) = L(6,D) + X > _ |6;] (50)

i=1

> L2 regression tends to give parameters with smaller values so that small
change in input gives small change in output. L1 tends to drive some
parameters to zero, getting rid of useless connections.
33/58



Activation functions

» The sigmoid activation function o (z)

== is not the only choice.

> Logistic and tanh functions saturate at high and low values which can
make gradient-based training difficult. [p. 195][4]

201 == ReLU

1.54 === tanh ’

Logistic 7

Figure 7: Examples of activation functions

Sigmoid:

o(xz) = tanh(z)  (52)

Rectified Linear Unit (ReLU):

G(x)_{x ifx>q (53)

0 otherwise
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Maximum Likelihood
Recall that for linear regression, the error is given by the mean squared error,

N
0" = arggnin Z(y(i) — A (x?,0))% (54)
i=1

But, if fun(x(¥,0) € [0, 1] estimates a probability for classification, a common
approach is maximum likelihood estimation. For binary classification,

0% = arg rnaxp(y(l)7 e ,y(N)|X(1), o x) 0) (55)
0

N .

= argglaXHP(nyNN(X(l), 6)) (56)
=1
N ; (4) i (4)

= arg max [T Anx®,0)" (1 — fan(x®,0)) V" (57)
=1

Eqg. (57) makes sense if you consider edge cases. For example, given a point
x() with ™) = 1 but the model predicts f(x(1)|#) = 0.1. Then likelihood of
x yW s p(yM | f(x1),0)) = 0.1 (1 — 0.1)° = 0.1.
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Stochastic Gradient Descent

Gradient Descent
The parameters are updated using

0k+1 — Bk — OngL(@,D).

» Stable, but slow.
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Stochastic Gradient Descent

Gradient Descent
The parameters are updated using

0k+1 — Bk — OngL(H,D). (58)

» Stable, but slow.

Stochastic Gradient Descent
The parameters are updated using

Or1 < 01, —aVel(6, (x(i)ay(i)))’ i=1,...,N. (59)
—_————

an epoch

» Fast, but unstable.
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Mini-Batch Gradient Descent

Mini-Batch Gradient Descent
The parameters are updated using

01— 0, —aVeL(0,BY),  i=1,...,M, (60)
N—————

an epoch

where the dataset D is partitioned into M mini-batches, D = {BM), ... BM},
with each mini batch containing K data samples (x, y).
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Stochastic Gradient Descent

To obtain good convergence, several parameters require tuning.
> Batch Size: Trade-off between speed and stability.
> Learning Rate: Trade-off between speed and stability.

> Number of Epochs: Training for too long may result in overfitting (early
stopping).
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Extensions and Variations of SGD

> Learning rate scheduling: lowering the learning rate as the algorithm
approaches the solution.

» Momentum: Update is a linear combination of the gradient and the
previous update,

01 < 0, — aVeL(8,D) + A8, (61)

where A6 = 6, — 0;,_,. Reduces oscillations, biases algorithm to keep
moving in the same direction.

> Adaptive learning rates: Automatically adjust learning rate for each
parameter through training.
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MNIST Case Study

> MNIST (Modified National Institute of Standards and Technology
database)?contains handwritten digits, 28 x 28 pixels, 60 000 training
examples and 10 000 testing examples.

> Classic “easy” benchmark dataset where we want to recognize the digit

on the image.
000 020060Qa@2pPp0OO0CY 0O0O
T T O U N A2 IV U B B SV A
Ad LA 2222122224
3833333335353333333
¥ Y449 yy #5444 N\ ¢4
555855 SS5S 55758554579
b6 bblbGoGb&bbbcedsdbtéeoel
T79771H7TY901 22777
¥ :®8 8P F 8 PTTI S D
1994999994994 944919 79

Figure 8: Examples of handwritten digits from the MNIST dataset®

Thttp://yann.lecun.com/exdob/mnist/
2https://en.wikipedia.org/wiki/MNIST_database
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MNIST Case Study

» By “flattening” the input from a 28 x 28 matrix to a 784 x 1 matrix, a
simple neural network can be used to classify the images.

> We will train a network with a single hidden layer with 128 nodes.

» The hidden layer uses a ReLU activation function, while the output layer
uses a softmax activation function.

> Mini-batch SGD with adaptive learning rates is used to train the model.

> The effect of the learning rate, batch size and number of epochs is
investigated.
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MNIST Case Study: Learning Rate

> Small learning rate: Slow convergence.

> Large learning rate: Unstable training.

Learning Rate: 1e-06 Learning Rate: 0.0001 Learning Rate: 0.01
07
2.40 — Training | 5 g0 —— Training —— Training
Testing Testing Testing
06
175
235
05
150
230
125 0.4
g 3 g
s s s
225 1.00 03
075
220 02
050 01
215
025
0.0
0 5 10 15 20 25 0 5 10 15 20 25 0 5 10 15 20 25
Epoch Epoch Epoch

Figure 9: Effect of learning rate on neural network training, training for 30 epochs with
a batch size of 64.
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MNIST Case Study: Batch Size

> Small batch size: Unstable training and overfitting.

> Large batch size: Slow convergence.

Batch Size: 1 Batch Size: 64 Batch Size: 256

— Training | 2.00 — Training | 2.25 —— Training
08 Testing Testing

Testing

0.6

0.2

0.0

0 5 10 15 20 25 0 5 10 15 20 25 0 5 10 15 20 25
Epoch Epoch Epoch

Figure 10: Effect of batch size on neural network training, training for 30 epochs with a
learning rate of 10™%.
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MNIST Case Study: Number of Epochs

> Too few epochs: Model is underfit and performance could still be
improved.

» Too many epochs: Model is overfit..

Number of Epochs: 10 Number of Epochs: 30 Number of Epochs: 100
—— Training —— Training | 2.00 —— Training
2.00 Testing 2.00 Testing Testing
175
175 175
1.50
150 1.50
125
125
2 1.25 2 b
g g & 1.00
1.00
1.00 075
075
0.75 0.50
0.50
025
0.50 \\\\<‘\;;;;“;_;;_;_
025
0.00
0 5 0 5 10 15 20 25 0 5101520253035404550556065707 580859095
Epoch Epoch Epoch

Figure 11: Effect of batch size on neural network training, training with a batch size of
64 with a learning rate of 107*.
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MNIST Case Study

> Using the parameters which yielded the best results, an accuracy of
91.8%.

» Best practice would be to perform a grid search with cross-validation.
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Convolutional Neural Network
In the MNIST neural network example, the image was flattened to a 1D

column matrix and fed into the feedforward network. Problems with this:

1. Number of parameters blows up quickly for high resolution images.

2. Lose spatial information.

A convolutional network addresses these problems.
v

J

n x 1 hidden layer R
v n xn “image

6 x 6 image

36 x 1 “columnized” image

Figure 12: (left) “Plain vanilla” layer. (right) Convolutional layer.
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A Single Convolutional Layer

6 x 6 image
211
W11 | Wiz §
2 x 2 “filter”
Way | W22

Figure 13: CNN Diagram.

Zij = Z Z WmnLitm,j+n (62)
m n
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A Single Convolutional Layer

6 x 6 image
5 x 5 “image”
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Figure 13: CNN Diagram.

Zij = Z Z WmnLitm,j+n (62)
m n
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Typical CNN Setup

L1

S I

L

Convolutional Fully connected

Figure 14: Typical CNN setup, consisting of convolutional layers followed by
fully-connected layers.
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MNIST Case Study Revisited

> A CNN can also be used to perform handwritten digit recognition.

» The chosen architecture uses 16 3 x 3 filters and a single fully connected
layer with 20 nodes.

» The fully connected network from earlier had 101770 parameters, while
this CNN has 54470 parameters.

49/58



MNIST Case Study Revisited

» The CNN achieves an accuracy of 94.0% compared to 91.8% for the NN.

NN CNN

— Training — Training
Testing

[ 5 10 15 20 25 [ 5 10 15 20 25
Epoch Epoch

Figure 15: Learning curves for simple neural network (NN) and CNNs.
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Recurrent Neural Networks

»> A feedforward neural network is well suited for tasks where the inputs are
of fixed lengths and are unordered.
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»> A feedforward neural network is well suited for tasks where the inputs are
of fixed lengths and are unordered.

> What if the problem involves inputs of variable lengths in which the order
matters. For example, machine translation.
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Recurrent Neural Networks

»> A feedforward neural network is well suited for tasks where the inputs are
of fixed lengths and are unordered.

> What if the problem involves inputs of variable lengths in which the order
matters. For example, machine translation.

> A recurrent neural network (RNN) is ideally suited for this problem as it
shares weights between inputs.
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Recurrent Neural Networks

h

&=E

Whaz

Figure 16: RNN Diagram
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Recurrent Neural Networks
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Recurrent Neural Networks

Forward Propagation
The hidden unit at time ¢ is computed using
h®) = o(W,.x® + Wy, h(t=1D), (63)

Note this requires the initialization of h(?). The output at each time step is then
computed using.

7 = W,,h®), (64)

Figure 17: RNN diagram.
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Attitude output from NNs: Quaternions
» Recall that a unit quaternion q = [e"7]T can be used to represent attitude.

> However, quaternions must satisfy the following unit-norm constraint,

q'q=1 (65)

» We can normalized an un-normalized quaternion q* with

=
>

T . = Unorm(q*) (66)
q q

Normalize

000
00000
C0000
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Attitude output from NNs: Quaternions

> Our “neural network” can be whatever we want! As long as we have a
well-defined derivative.
» Thankfully,
8o’norm _ q

aq* q*T q* ’
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Attitude output from NNs: DCMs SO(3)

> Neural Networks can also predict DCMs C € SO(3) directly.
c'c=1 (68)

» DCMs must also satisfy an orthonormality constraint

» We can take the same philosophy and just normalized an un-normalized

Q Normalize

DCM (just a matrix) C* € R3*3

O
O QQQ
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Attitude output from NNs: DCMs SO(3)

> In [5], it is shown that the best option for training is to use an SVD to
normalize a DCM.

> Let C* =UXV' be a SVD. A DCM can be obtained with
C=UXV' € SO(3), where X =diag(l,...,1,det(UV"))  (69)
2 ogyp(CY) (70)
» |t turns out that )
osyp(C*) = argmin ||C — C*||% (71)
CeSO(3)

and that the derivative of osvp (C*) is also well defined! (See [5]).
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